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The impact of turbulence modeling on the numerical simulation of the crossing-shock-wave/boundary-layer
interactionsoccuring ina Mach 4 � ow on 7 £ £ 7 deg,7 £ £ 11 deg,and 15 £ £ 15 deg double-sharp� n plates is analyzed.
The full Reynolds-averaged Navier–Stokes equations are solved with linear and weakly nonlinear formulations
of the k–! turbulence model, on grids up to 4 £ £ 106 cells. The overpredicted heat transfer on the bottom plate
is shown to be closely related to the main three-dimensional features developing in these � ows. The stronger the
interaction, the more the numerical solutions violate the realizability principles. By introducing a dependence of
cµ on the velocity gradients, realizable solutions are obtained and analyzed. The heat-transfer coef� cients are
effectively lowered but not suf� ciently to meet the experimental data. The expected impact of other corrections,
based on a limitation of the turbulent length scale or some compressibility effects, is evaluated and shown to be
insuf� cient to � ll the gap between computed and measured heat-transfer coef� cients. The streamlines arriving near
the wall in the regions of overpredicted heat transfer are shown to originate from the very narrow regions close to
the � n leading edges, in the upper part of the incoming boundary layer, and to be associated with an increase of
turbulent kinetic energy when approaching the bottom wall, rather than when crossing the shock waves.

Nomenclature
Ch = heat-transfercoef� cient or Stanton number; Eq. (1)
c l = coef� cient in the constitutive equation

for l t , 0.09
Dt ( q } ) = substantial derivative, @q } / @t @q Uõ } / @X i

k = turbulent kinetic energy (TKE), 1
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Pk = TKE production rate, q ]u õ u Ò Sõ Ò

S = strain invariant, (2Sõ Ò Sõ Ò )
Sõ Ò = strain rate, 1

2 (@Uõ / @x Ò @U Ò / @xõ )
Sõ Ò = traceless strain rate, Sõ Ò 1

3
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s = dimensionless strain invariant, S / x
Uõ = mass-averagedvelocity components U , V , W
u õ = � uctuating velocity components u, v , w (mass

averaging)
]uõ u Ò = mass-averagedvelocity correlations
x Ò = Cartesian coordinates x , y, z
a m = realizability factor; Eq. (8)
d õ Ò = Kronecker symbol
d 0 = incoming boundary-layerthickness, 3.5 mm
² = dissipation of TKE
l , m = dynamic and kinematic molecular

viscosities, l q m
l t , m t = Dynamic and kinematic turbulent

viscosities, l t q m t

$ = dimensionless vorticity invariant, X / x
q = mass density
X = vorticity invariant, (2 X õ Ò X õ Ò )
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X õ Ò = vorticity, 1
2 (@Uõ / @x Ò @U Ò / @xõ )

x = speci� c dissipation of TKE, ²/ k

Introduction

U NDERSTANDING andmodelingcrossing-shock-wave/turbu-
lent boundary-layer interactions (CSWBLI) is of critical im-

portance for predicting the performance of supersonic inlets. The
complex three-dimensionalinteractionsoccurring in supersonic in-
lets are accurately reproduced in very simple geometrical con� gu-
rations, namely the single- and double-sharp � n plate: one or two
� ns with sharp leading edge are mounted on a � at plate with differ-
ent combinations of de� ection angles (Fig. 1). In the past 15 years
numerous experimental and computational studies have been car-
ried out on these con� gurations.In a 1993AGARD report,1 Settles2

provided a thorough review of the features of the � ow on single-
sharp � n plates. A series of investigators have identi� ed the main
featuresof the � ows on double-sharp� n plates.Garrison and Settles
provided detailed � ow visualizationsusing a planar laser scattering
method3 and proposed a thorough analysis of the shock structures.4

This � rst model was then re� ned and comparedwith computational
results in the 15 15 deg Mach 4 con� guration. The comparison
includes the structure of the shocks,5 the skin-frictioncoef� cients,6

the pitot and stagnationpressures,as well as the � ow deviations.7 In
parallel Gaitonde et al. provided a � rst analysis of the main three-
dimensional features of these � ows, � rst in a 15 15 deg Mach 8.3
con� guration8 and then in the 15 15 deg Mach 4 case.9 These re-
sults as well as past10 and recent11,12 reviews by Knight and Degrez
emphasize the fact that, in a strong SWBLI, the skin-friction and
heat-transfercoef� cients are generally overestimated by numerical
simulations. In the case of the heat transfer, the error can be as large
as 100%.

New experimentswere conductedby Zheltovodovet al.,13 15 who
providedsurface� ow visualizations,and surfacepressure,adiabatic
temperatureand heat-transfercoef� cientmeasurements.The capac-
ity of the computationsto reproduce the � ow features in asymmetric
con� gurations was � rst assessedby Knight et al.16 It was evidenced
again that the primary � ow features (primary separationand attach-
ment lines, global pressure distribution) are not dependent on the
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Fig. 1 Double-sharp � n plate con� guration.

turbulence model but that the secondary � ow features (secondary
singular lines, local pressuredistribution) and the heat-transfercoef-
� cient are. Gaitonde et al. described the evolutionof the � ow model
with the interaction strength and asymmetry.17

From a modeling point of view, recent progress is a result of
Panaras,18,19 who showed that a better prediction of the secondary
separated� ow could be obtained in the case of single-sharp� n plate
by modifying the Baldwin–Lomax20 algebraic turbulence model.
With the same modi� cation some improvement was obtained in
the prediction of the pressure and skin-friction distributions in the
central separated region of the 15 15 deg Mach 4 con� guration.18

A � rst attempt was made in Ref. 21 to inhibit the transition of
the sidewall boundary layer by limiting the production of turbulent
kinetic energy in a k–² model; it resulted in a recti� cation of the
discrepancies between the � ow� eld visualizations and simulations
in the sidewall/shock-vortex interaction region but no signi� cant
effect on the bottom wall.

This paper addresses the issue of the overprediction of the
skin-friction and heat-transfer coef� cients in RANS simulations of
CSWBLI with two-equation turbulence models. A broad range of
conditionsis coveredby the three selectedcon� gurations.A special
effort is made to assess the mesh convergenceof the computed re-
sults. A description of the main features of the � ow is provided. It
supplements previous descriptions and focuses on the relationship
between the three-dimensional features of the � ow and the skin-
friction lines pattern and Stanton number on the bottom plate. The
considered con� gurations are characterized by high strain rate re-
gions and high-speed � ows. First, different realizabilitycorrections
are considered to solve the problem encountered by two-equation
turbulence models in high strain rate � ows. Second, the effect of
usual corrections for high-speed � ows is assessed. The study con-
cludes on the ability of these correctionsin solving the heat-transfer
issue in CSWBLI.

Experiments
Experimentswere conductedby Zheltovodovet al.13 15 in the su-

personic wind tunnel T-333 (Ref. 22) of the Institute of Theoretical
and Applied Mechanics, Novosibirsk,Russia. The model (Fig. 2) is
a plate with two mounted � ns with sharp leading edges located at
210 mm from the plate leading edge. Chamfered � ns are 192 mm
long and 100 mm high; they are separatedby a minimum distanceof
32 mm in the constant-widthsection (the throat). The x axis is taken
at the throatmiddle line (TML). The six possiblepairs of 7-, 11-, and
15-deg wedges have been experimentally studied. The � ow Mach
number ranges between 3.89 and 3.96, the total pressure between
1480 and 1498 kPa, and the total temperature between 256 and
264 K, yielding a unit Reynolds number between 85.0 106 m 1

and 93.3 106 m 1. On the bottom and side walls surface � ow vi-
sualizations were obtained using a 10–15% mixture of lampblack
and oil. Along the TML and three cross sections (x 46, 79, and
112mm) the surfacepressure,adiabatictemperature,andheat � uxes
(in slightly heated wall conditions) were directly measured; the last
two quantities were combined to build the heat-transfer coef� cient
using the electric-calorimetrymethod with a 15% accuracy.14,15,23

The boundary-layerheight is d 0 3.5 mm and the momentumthick-
ness 0.128 mm, 14 mm ahead of the � n leading edges.

Fig. 2 The 7 £ £ 11 deg experimental model (from Ref. 16).

Numerical Method
Flow Solver and Boundary Conditions

The computationsare performedwith the codeGASPex,24 which
solves the Reynolds-averagedthree-dimensionalcompressible time
dependentNavier–Stokes equations(RANS). The convective� uxes
are computed to third-order accuracy with the Roe scheme and the
MUSCL reconstructionmethod for the primitive variables with the
min-mod limiter.The Sutherlandlaw is used to calculatethe laminar
viscosity,and a constant laminarPrandtl numberof 0.72 is assumed.
Centraldifferencingis used to evaluatethe viscousterms.The steady
solution is obtained by applying a time-marching method based
on the hybridapproximatefactorization/relaxationalgorithm.24 The
� rst solutionspresentedhere are computed with the k– x turbulence
model by Wilcox25 and a constant turbulent Prandtl number of 0.9.
The slightly rough wall condition is used for the turbulent kinetic
energy (TKE) speci� c dissipation: x w N m w / k2

s with N 2500,
and the value ks 5 is chosen to obtain the hydraulically smooth
wall solution.25,26 [Hereafter, the superscript denotes lengths in
wall units: ks ks ( s w / q w )/ m w , where s w is the norm of the wall
shear-stress.]

The freestream � ow is characterizedby a Mach number of 3.92,
a total pressure of 1485 kPa, a total temperatureof 260 K yielding a
unit Reynolds number of 87.48 106 m 1 . The in� ow condition is
prescribed after the computation of the boundary layer developing
on a 200-mm-long � at plate, carried out with the RANS solver on a
very � ne mesh: about 400 cells are distributed inside the boundary
layer normally to the wall with a � rst cell height below 0.25 wall
unit on 80% of the plate length. The solution is mesh converged to
at least 0.1% for the skin-friction and heat-transfer coef� cients.27

Both the isothermalandadiabaticwall conditionsare computed.The
boundary-layerpro� les correspondingto the measured momentum
thickness serve as in� ow conditions to the three-dimensionalcom-
putations.

At the top as well as at the out� ow boundary, the solution is ex-
trapolated to � rst order from interior. In the symmetrical cases only
half a con� guration is computed, and a second-order symmetrical
condition is prescribed on the symmetry plane. On the bottom and
side walls fully turbulent boundary layers are computed, using ei-
ther a no-slip adiabatic or isothermal condition.Both sets of results
are needed to obtain the heat-transfer coef� cient in a manner simi-
lar to the one used in the experiments. The adiabatic wall solution
provides the adiabatic wall temperature Taw , which ranges between
240–260 K, and the isothermal wall solution provides the heat � ux
Qw correspondingto the constantwall temperatureTw 270 K; the
heat-transfercoef� cient, or Stanton number, is then obtained as

Ch Qw / q U C p(Tw Taw ) (1)

where q , U , and C p are respectively the freestream density, ve-
locity, and heat capacity of air at constant pressure.

Computed Cases and Grids
Of the six con� gurationsexperimentallystudied at Mach 4, three

have been selected for the computations. They cover an interesting
range of conditions, including a weak interaction (7 7 deg case),
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Table 1 Grid parameters

7 7 deg con� guration 7 11 deg con� guration 15 15 deg con� guration

Grid Fine Medium Coarse Fine Medium Coarse Very � ne Fine Medium Coarse

Ncell 614,400 153,600 38,400 1,228,800 307,200 76,800 3,993,600 998,400 249,600 62,400
Ny Nz 80 80 40 40 20 20 80 160 40 80 20 40 200 104 100 104 50 52 25 26
Nx / D x , mm 96/2 96/2 96/2 96/2 96/2 96/2 192/1 96/2 96/2 96/2
D y1 , l m 1.00 2.15 5.02 1.00 2.15 5.02 0.50 1.02 2.14 4.72
D y1 0.35–0.5 0.75–1.2 1.9–3.5 0.35–1.3 0.75–3.0 1.9–7.0 0.17–1.0 0.35–2.0 0.75–4.0 1.6–8.2
D z1, l m 2.8 5.7 12.5 2.8 5.7 12.5 2.8 2.8 5.7 12.5
D zTML, mm 0.60 1.30 2.70 0.60 1.30 2.70 0.19 0.19 0.41 0.83

a mild asymmetrical interaction (7 11 deg case), and a strong
interaction (15 15 deg case). In each case, three levels of grid re-
� nement are de� ned. At each level the longitudinal step size D x is
constant and equal to 2 mm (about 0.6 d 0). The cells of the � ne grid
(level 1) are merged two by two in both y and z directions to de� ne
the medium grid (level 2). The coarse grid (level 3) is obtained the
same way from the medium grid. In the 15 15 deg con� guration
only, a fourth re� nement level is de� ned, namely the very � ne grid
(level 0), obtainedby dividing the cells of the � ne grid in two in both
the x and y directions.The number of cells in each direction Nx , Ny ,
Nz ; the total number of cells Ncell ; and the other parameters of the
grids are gathered in Table 1 and further described in the following.

The three-dimensional computational domain begins 14 mm
ahead of the � ns and ends 192 mm downstream. The divergent part
of the model is present in the 7 11 deg and 15 15 deg con� g-
urations. Although the experimental models are 100 mm high, the
computational domain is limited to 80 mm because no signi� cant
gradient in the y direction is visible in the experiment between 70
and 90 mm in the cases under consideration. In the 7 7 deg and
7 11 deg � ne grids the � rst cell height D y1 is 1 l m, corresponding
to 0.35 wall unit in the incoming boundary layer, and 44 cells are
distributedaccording to a geometrical law between the bottom wall
and the incoming boundary-layer thickness d 0; the other 36 cells
are distributed following a second geometrical law from this point
to the total height of the computational domain. In the 15 15 deg
con� guration the very � ne grid is built following the same princi-
ples, using a total of 200 cells in the normal direction y. The � rst
geometrical distribution is composed of 160 cells between the bot-
tom wall and a height of 16 mm (4.6 d 0), starting from a � rst cell
height of 0.5 l m (0.17 wall unit in the incoming boundary layer).

The domain of interest of the � ow is the central part of the throat,
after the crossingof the primary shock waves. The side wall bound-
ary layers may have an in� uence on the central region only after
the re� ection of the shock waves on the � ns, i.e., far after the zone
of interest. For this reason the mesh cell width off one � n is not
as � ne as on the bottom wall: D z1 is prescribed at 2.8 l m in the
� ne grids, which corresponds to 1.5–3 wall units for the side-wall
boundarylayer (before the interactionwith the re� ected shock). Be-
cause the � rst shock/shock interaction occurs at or near the TML,
it is chosen to control the cell width in this region also: the � rst cell
off the TML has a constant width D zTML of 0.6 mm (0.19 mm in the
15 15 deg case). A double geometrical law is calculated to match
these constraints.

Computational Resources and Strategy
The computations were carried out at the National Center for

Supercomputing Applications, University of Illinois at Urbana–

Champaign. The code was run in parallel on 32 to 128-thread SGI
Cray Origin2000computersbasedon 195MHz–390M� opsR10000
processorsby automaticallysplittingthe computationaldomain into
the samenumberof zones.A Courant–Friedrichs–Lewy (CFL) num-
ber of 0.2 was kept in most cases, and the time step was computed
locally.The computationon one re� nement level was stoppedwhen
the maximum value of the residuals was under 10 6 for the con-
servative variables,which means that the relative convergenceerror
was under 10 4 for the wall coef� cients.27 The level-n solution was
initialized from the level-(n 1) solution. Typically, the computa-
tion on the � ne-grid solution in the mild or strong interaction case
requires1500 computationalhours (about 12 hours on 128 threads).

Flow Analysis
In the three con� gurations the solutionsare successivelyobtained

on the coarse, medium, and � ne grids with the Wilcox’s k– x tur-
bulence model and the no-slip, adiabatic wall condition.Nine other
solutionswere also obtainedwith the no-slip, isothermalwall condi-
tion. (The � nest 10th grid is reserved for computationswith another
model; see the following.)

Mesh Convergence
The mesh convergenceis veri� ed for the pressure, adiabatic tem-

perature, skin-friction, and heat-transfer coef� cients in the interac-
tion region on the bottom wall. A precise evaluation is performed
for the pressure p and heat-transfer coef� cient Ch using the mesh-
convergence index. For instance, the pressure � ne-grid index is the
rms of the relative difference in pressure on the bottom wall SB

between the � ne and the medium grids:

Ind( p)
SB

P2(x, 0, z)
P1(x, 0, z)

1
2

dS
SB

dS (2)

where P1 and P2 are the pressure � elds obtained on the � ne and
medium grids, respectively. The summation is discretized on the
coarsest of the two grids and is limited to the region of the bottom
wall between x 50 130 mm: the upstream part is removed to
eliminate the incoming boundary layer (where the � ne-grid indices
arebelow1 and1.5%for p andCh respectively), and thedownstream
part is removed to focus on the interaction region itself.

In the 7 7 deg case the pressure and Ch � ne-grid indices are
respectively below 2 and 4%, which ensures that the � ne-grid so-
lution is mesh converged in the zone of interest (Fig. 3a, bottom
curves). For x > 130 mm the indices remain below 4 and 9%, re-
spectively. In the 7 11 deg case, the pressure and Ch � ne-grid
indices are respectively below 5.5 and 10%. Considering that the
indices are 9.5 and 40% between the medium and coarse grids and
examining the solutions along the TML (Fig. 3b) and three cross
sections (not shown), it is concluded that the � ne-grid solution is
very close to the mesh-converged solution. This is con� rmed by a
local re� nement study in x , y, and z in the region of the 11-deg � n
leading edge. In the 15 15 deg case the pressure and Ch � ne-grid
indices are respectively15 and 23%. A re� ned grid in both x and y
is available,but the cost of one computation is so high that only two
were affordable. The choice was to do these computations with a
modi� ed model (see the following); the pressureand Ch indices are
respectively6 and 10% between the � ne and very � ne grids with the
modi� ed model. In the 15 15 deg con� guration as well as in the
other ones, the solution obtained on the � ne grid may be compared
with con� dence with experimental data.

The heat-transfer coef� cient obtained on the coarse grid in the
15 15 deg case compares very well to the experimental data
(Fig. 3a). Of course, this occurs only by chance and has no par-
ticular meaning. It is nevertheless interesting as an illustration of
how wrong conclusions can be drawn from solutions that are not
mesh converged.

Heat-Transfer Issue
Because similar resultshavealreadybeenextensivelycommented

in the literature,10,11 only the plots of the heat-transfercoef� cient Ch
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a) Heat-transfer coef� cient: 7 £ £ 7 and 15 £ £ 15 deg

b) Pressure and heat-transfer coef� cient: 7 £ £ 11 deg

Fig. 3 Distributions along the TML: Wilcox model.

along the TML are given here (Fig. 3); a comprehensive compar-
ison between present computations and experimental data is pre-
sented in Ref. 28. In the incoming boundary layer the computed
Ch agrees with experiment to within the experimental uncertainty.
In the 7 7 deg con� guration the simulation predicts the same fea-
tures as in the experiment:a downward slope of Ch after the primary
shock waves have reached the TML, followed by a mild increase
further downstream. The level of Ch is somewhat underestimated
with respect to the measurements.In the 7 11 deg and 15 15 deg
con� gurations the � rst downward slope is also present, but much
shorter, and followed by a large increase, up to 2.5 times above
the experimental data. At some point (7 11 deg: x 135 mm,
15 15 deg: x 85 mm) the heat-transfer coef� cient pauses and
dropsa little before risingup to a second maximum, even larger than
the � rst one. In the 15 15 deg con� guration Ch then drops down
and experiencesanother increase in the divergentpart of the device.
These features are common to all two-equation turbulence models
that have been tested in similar (if not identical) situations.10,11 The
trends are the same for the skin-frictioncoef� cient, which becomes
negative on a short length along the TML in the 15 15 deg con-
� guration only. To clarify the relationbetween the skin-frictionand

Fig. 4 The 7 £ £ 11 deg, Wilcox model. Streamlines illustrating the dif-
ferent regimes of the � ow: 1-black, separated boundary layer (SBL);
1c-purple, centerline boundary layer (CBL); 3-yellow, centerline vortex
(CV); 4-blue, entrainment � ow, 11-deg � n side (EF); 4-cyan, entrain-
ment � ow,7-deg� n side (EF); and4s-green, side entrainment� ow (SEF).

heat-� ux peaks on the bottom wall and the overall structure of the
� ows, further analysis is needed.

Flow Regimes and Heat-Flux Peaks
As pointed out by Gaitonde and Shang,8,9 different coherent fea-

tures, or regimes, can be identi� ed in the � ow. The analysis is com-
pleted here, using a somewhat different visualization technique, to
show how closely the regimes are related to the shear-stress and
Stanton-number distributionson the bottom plate. The regimes are
presentwith some variations in both the 7 11 deg and 15 15 deg
con� gurations, but only the � rst one is used here for the illustration
(see Refs. 28 and 29 for the second one as well). In Fig. 4 the bot-
tom plate is represented in gray in its full length of 192 mm. The
side walls are not displayed for clarity. The width of the device is
73.6 mm at the entrance. A magni� cation factor of 10 is used in the
direction normal to the bottom plate. The green streamlines start-
ing points are about 2.5 mm above the bottom plate ( 0.7d 0). The
maximum height reachedby the black and cyan streamlines is about
6.5 mm ( 1.85d 0). Four main coherent features may be identi� ed.
Selected streamlinesare displayedand colored after their respective
� ow regime. Because the streamlines are displayed only if starting
from or reaching the wall region (between 10 and 50 l m, i.e., 0.003
and 0.014d 0), their envelope can be viewed as part of the boundary
of the coherent features.

The � rst regime is the separated boundary layer (SBL) repre-
sented by the black lines in Fig. 4. The footprint of this primary
separation is the pair of convergence lines visible in the compu-
tation as well as in the experiment (S1 and S2 in Fig. 5). The only
differencebetweenboth is that the computedseparationlines merge
while they remain distinct in the experiment. Along these lines the
computationsshow that the wall heat � uxes (Fig. 5) and skin friction
are notably lowered. Some central part of the incoming boundary
layer, close to the wall, does not separatewhen crossing the residual
shock waves generated by the � ns (Fig. 4, regime 1c in purple); the
streamlines � rst converge toward the meeting point of the primary
shock waves, then manage to go throughand to remain very close to
the wall until the end of the con� guration. In stronger interactions,
like the 15 15 deg case for instance, the whole incomingboundary
layer separates, and this subregime disappears.This is why it is not
mentionedin previousanalyses.8,9,17 The secondregime,namely the
vortex interaction � ow (VI), is constituted by � uid separating from
the downstream side of the primary separation lines. It is present
on the 11-deg � n side (but not displayed), and very hardly distin-
guishableon the 7-deg � n side, as previouslynoted in asymmetrical
con� gurations.17

The region below SBL and VI is occupied by a helical-type � ow
originating from the upper part of the boundary layer and the in-
viscid region above; the corresponding envelope streamlines, dis-
played in blue (11-deg side) and cyan (7-deg side) in Fig. 4, cross
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a)

b)

Fig.5 The 7 £ £ 11dega) skin-friction lines andheat-transfer coef� cient
on the bottom plate (Wilcox model) and b) topological scheme derived
from the oil-� ow visualization (from Ref. 15).

the primary shocksvery close to the � ns, plungedown to the bottom
wall, go toward the centerlinewhere they separate and are rolled up
with SBL and VI. This is the entrainment � ow (EF), constitutedby
high-energy � uid projected toward the bottom wall. The separation
of EF yields two noticeable footprints on the bottom wall. On the
11-deg � n side the secondary convergence (or separation) line S4

appears around x 70 mm in the experiment (Fig. 5); a very similar
line is present in the computation, although it appears signi� cantly
further downstream, around x 90 mm. On the 7-deg � n side the
origin of the experimental secondary convergence line S3 is hardly
distinguishablebecause this line seems to merge very fast with the
primary separation line S1; in the computation S3 is in the exact
extension of S1 , so that its origin cannot be clearly identi� ed. How-
ever, the three-dimensionalrepresentationcon� rms that the S1 S3

computed line corresponds to two different regimes of the � ow.
In Fig. 4 a subregime to EF is identi� ed (4s in green); these

streamlines behave essentially the same way as EF until imping-
ing the bottom wall, but then orient toward the � n rather than the
centerline; consequently they are named the side entrainment � ow
(SEF). This subregime is not highlighted in Refs. 8, 9, and 17. The
footprint of the boundary between EF and SEF is clearly visible in
Fig. 5 as the two primary divergence lines close to the side walls
(R1 and R2 in the topological scheme). It is clear that the highest
heat transfersoccur beneathEF, reaching a maximum exactly at the
attachment lines. This is also true for the skin-friction coef� cient,
not displayed here. The last regime (Fig. 4, regime 3 in yellow) is
the centerlinevortex (CV). These lines originate from a region very
close to the 11-deg � n, roughlyat the middle height of the incoming
boundary layer; after crossing the shock wave emanating from this
� n, they plunge down to the bottom wall, go toward the centerline,
and form a vortical � ow underneath the space left free by the sep-
aration of left (cyan) and right (blue) EFs. Near the centerline this
part of the � ow encounters the attached boundary layer; both � ows
penetrate deeply streamwise and are associated with heat-transfer
(and skin-friction) coef� cients signi� cantly lower than underneath
EF (Fig. 5). The footprint of the attachment of CV to the bottom
plate is the secondaryattachmentline R3; it originatesfrom between
S1 and S2 in the experiment (Fig. 5), but from the 11-deg � n side in
the computations (as just described).

Looking back at Fig. 3b, the observed rise of the computed heat-
transfer coef� cient along the TML can now be understood:it begins
when the EF reaches the TML (x 90 mm), and the � rst maximum
occurs when the attachment line R2 crosses the TML (x 135 mm).

The second maximum is also clearly linked to the same attachment
line, crossing the TML again after having been deviatedby the � ow
coming from the 7-deg � n side (Fig. 5).

Link with TKE
With the thermal model used, the heat-transfer coef� cient is

closely related to the skin-friction coef� cient. The latter is propor-
tional to the total shear stress, which is approximately reduced to its
turbulent part in the logarithmic layer. Because the turbulent shear
stress is roughlyproportionalto the TKE, high levelsof skin friction
and heat transfer are usually associated with high levels of TKE.

The regionsof high levels of heat � ux and skin frictionhave been
found to correspondto the attachmentlines of the three-dimensional
� ow originatingfrom the upper part of the incomingboundary layer
or even the inviscid part of the � ow. This � ow crosses the primary
shock waves before plungingdown to the bottom wall. One hypoth-
esis put forward in the literature12 is that two-equation turbulence
models predict a too large increase in TKE in the outer part of the
boundary layer across the shock waves, and that this excessiveTKE
is convecteddown to the wall becauseof the strong vortices formed
behind the shocks. The following section is aimed at investigating
one possible source of excessive TKE production through shock
waves.

Realizability Corrections
Realizability Principles

The weak realizabilityprinciples30,31 require the variances of the
� uctuating velocity components to be positive and the cross corre-
lations bounded by the Schwartz inequality:

]]
u2 0,

]]
v2 0,

]]
w 2 0

]]uv2 ]]
u2 ]]

v2 , ]]uw 2 ]]
u2]]

w2 , ]]vw 2 ]]
v2]]

w 2 (3)

Strictly speaking, these relations hold for statistical averages; with
mass averagingthedensity� uctuationsshouldbe takenintoaccount.
Nevertheless, their effects are expected to be negligible.Any linear
model based on the Boussinesq assumption can violate the con-
straints (3) in numerous circumstances, especially in the presence
of strong pressure gradients. In such a model indeed, the turbulent
stresses are linear with the traceless strain rate Sõ Ò :

]]uõ u Ò / k 2( m t / k)Sõ Ò 2
3
d õ Ò (4)

and the turbulent viscosity m t is related to the TKE k and, some-
how or other, to its speci� c dissipation x ²/ k by m t cl k / x . The
structural parameter ]uv / k is known to be constant in a large part
of the boundary layer and to depend weakly on the pressure gra-
dient. The constant value c l 0.09 is usually chosen to reproduce
this behavior in the logarithmic region with no pressure gradient.
Durbin indicates that, with such a model and for an incompressible
� ow, the realizability constraints are respected under the following
conditions.32

Two-dimensional:

cl s 2
3 realizability (3) (5)

Three-dimensional:

c l s 1
3

realizability (3) (6)

where s is the dimensionless strain invariant S / x , with S
(2Sõ Ò Sõ Ò ). These conditions are obviously violated in the pres-

ence of strong velocity gradients.Because the TKE production rate
is

Pk / q ² cl s2 2
3
Skk x (7)

the infringement of a realizability constraint is a source of an im-
portant and nonphysical increase in TKE. Because SWBLI � ows
have numerous zones with strong velocity gradients and because
the numerical solutions are suspected to contain zones where the
TKE production is too strong, one should wonder whether these
solutions are realizable.
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a) 7 £ £ 11 deg

b) 15 £ £ 15 deg

Fig. 6 Violation of realizability with the Wilcox model. Gray zones
indicate the regions where the realizability constraints (3) are violated.
Circled zones indicate the regions where cµ s >– 1/

p
3.

Irrealizability of the Solutions
In the region of the � ow located below the incoming boundary

layer thickness d 0, the constraints (3) are respected all over the bot-
tom plate in each of the � ne-grid solutionscomputed with the basic
Wilcox’s k– x model (WI). However, some “irrealizable”zones ap-
pear above d 0. The following description should remain true with
virtuallyany usual two-equationturbulencemodel. In the7 11deg
con� guration, in the section y d 0, the realizability constraints are
violated within the foot of the primary shock waves (Fig. 6a); the
irrealizablezone is larger on the 11-deg� n side than on the 7-deg � n
side. Another irrealizable zone is very narrow and extends parallel
to the � n, not far from the location of the primary attachment line.
In the 15 15 deg con� guration the irrealizablezone is even larger
and occupies the whole upper part of the lambda foot of the primary
shock waves (Fig. 6b, top). In the region of the � ow not in� uenced
by the bottom-wall boundary layer (above y 30 mm, i.e., 8.5d 0),
the realizabilityconstraintsare violatedacross the shock waves only
(Fig. 6b, bottom part), with certainly no signi� cant impact on the
� ow in the vicinity of the bottom wall. In the weak interactioncase
(7 7 deg, not displayed here) no signi� cant irrealizable zone is
evidencedoutside the vicinityof the inviscid shock waves. In Fig. 6
the regions where c l s > 1/ 3 are circled with thick solid lines.
Relation (6) indicates that, in an incompressible � ow, these circled
regions should contain the irrealizable zones. It can be seen that,
even in a compressible� ow, the correlationbetween the 1/ 3 limit
for cl s and irrealizability is very good. It con� rms that cl s is a
relevant parameter to control the extent of irrealizable zones.

Realizable Two-Equation Models
Several authors have considered the introduction of realizabil-

ity constraints in two-equation Boussinesq turbulence models. The
general idea is based on the observation that, through Eq. (4), the
realizability can be ensured by decreasing properly the turbulent
viscosity m t . In a recent review33 Moore and Moore indicate that
the correction can be written as a limitation of the constant in the
constitutive relation:

l t a m cl q (k / x ) with a m min 1, a m (8)

1/ ( a m cl ) A0 As s2 Ar $
2

1
2 (9)

where $ is the dimensionless vorticity invariant X / x , with
X (2 X õ Ò X õ Ò ). Moore and Moore propose a set of coef� -
cients derived from an algebraic Reynolds-stressmodel (A0 2.85,
As 1.77) and assuming, in a � rst approximation, that the strain

Fig. 7 7 £ £ 11 deg. Medium grid. Pressure and heat-transfer coef� cient
on the bottom wall along the TML.

a)

b)

Fig. 8 7 £ £ 11 deg. Medium grid: a) pressure and b) heat-transfer co-
ef� cient on the bottom wall along three cross sections.
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rate and rotationhave symmetricaleffects (Ar 1). They show that,
in the case of � ows near the leading edge of blunt bodies, where
the inviscid strain � eld is very large (s 100 400) the modi� -
cation results in a much better prediction of the TKE level. This
kind of correction has also been shown to contribute signi� cantly
to cure the stagnation point anomaly as encountered in imping-
ing jets. For instance, Durbin proposes a correction of the form
(9) with A0 Ar 0 and 1/ As c/ 3, where c 1 ensures the
realizability,32 whereas c 1

2 is needed to get good results in the
jet impingement problem.34 With this last value the Durbin’s pro-
posal 1/ As 0.29 leads to values of a m signi� cantly smaller than
the Moore and Moore’s expression and is virtually identical to the
one by Menter35 in the shear stress transport (SST) model, or by
Coakley,36,37 where 1/ As c l 0.3. [Actually, the expression
proposed by Menter is not of the general form (8) and (9); it would
match it if, when going from two to three dimensions, Menter had
substituted (S2 X 2) to @U / @y instead of simply X . Only this
point is missing to ensure that the SST model is realizable.33] In any
case the turbulent transport equations are

Dt ( q k) Pk b w q k x
@

@x Ò
l r w l t

@k

@x Ò
(10)

Dt ( q x ) a
x

k

Pki

®x

Pkc b q x 2 @

@x Ò
( l r l t )

@x

@x Ò

(11)

where the constants are from the original model [except that, in the
original model, x ²/ (c l k), so that b 3

40 and b w c l 0.09]:
a 5

9 , b 5
6 , b w 1, r r w 1

2 . The TKE production rate is

Pk Pki Pkc with Pki l t S
2, Pkc

2
3
q kSkk (12)

The only question remaining is relative to the speci� c dissipation
production rate: a � rst group of researchers33,37 keeps the formal
equation in its usual form ( a x 1), whereas the second group29,32

recommends maintaining the incompressiblepart of the production
term at its unmodi� ed level by taking a x a m . To determine the
impact of the realizabilityenforcement on SWBLI, four models are
tested: in the so-called Wilcox–Moore (WM) and Wilcox–Durbin
(WD) models, a x is 1, and the realizability factor (8) and (9) is
used to compute the eddy viscosity with the Moore and Moore33

and Durbin32 (with c 1
2
) coef� cients, respectively; the versions in

which the production term in the speci� c dissipation equation is
kept at its original and maximum level ( a x a m ) are denoted WM
and WD , respectively.

Fig. 9 15 £ £ 15 deg. Pressure and heat-transfer coef� cient on the bot-
tom wall along the TML.

Effect of the Realizability Corrections
The solutionshavebeenobtainedin the three con� gurations,with

the two differentwall thermalconditionsand on the coarse,medium,
and � negridswith theWM model.In the15 15degcon� guration
two additionalcomputationswere carriedout with this model on the
very � ne grid. Additionally, the solutionshave beenobtained for the
7 11 deg con� guration on the medium grid with the two different
wall thermal conditions and all other models: WM, WD, WD .
The conclusions drawn next rely on the whole set of computations,
although only some of them are used for the illustration. In the
7 7 degcon� guration,thepressuredistributionis not in� uencedby
the realizability corrections, and the skin-friction and heat-transfer
coef� cients are lowered by at most 5% in the interaction zone. It
demonstrates that these corrections are not active in the case when
the results are already quite good.

a) Numerical solutions on the bottom wall

b) Experimental topological scheme on the bottom wall

c) Numerical solutions in the central separation region

d) Experimental topological scheme in the central separation region

Fig. 10 15 £ £ 15 deg. Computed skin-friction lines and heat-transfer
coef� cient (WI and WM++ models) compared to the topological schemes
derived from the oil-� ow visualization(from Ref. 14) on the bottomwall.



992 THIVET ET AL.

Full Parametric Study in the 7 £ £ 11 deg Con� guration
In the 7 11 deg con� guration the full parametric study is pre-

sented on the medium grid. The results obtained with the WI
(Fig. 3b) and WM (not displayed) models on both the medium
and � ne grids show that the difference in the heat-transfer coef� -
cient caused by the grid is between 5–10% on the bottom wall. This
accuracy is more than suf� cient to ensure that at least the correct
trends are captured on the medium grid. The pressuredistribution is
essentially unchanged by the realizability corrections (Fig. 7). The
only noticeabledifferenceoccurs at the pressure plateau, visible on
the TML between x 85 100 mm, which corresponds to the for-
mation of the secondary separation line S4 (Fig. 5). This plateau, as
evidencedby the measurements,is only a slight change in slopewith
the Wilcox’s model, but a clearly apparentplateauwith WM , WD,
and WD , the level of which is neverthelesssigni� cantly underpre-

Fig. 11 7 £ £ 11 deg. Medium grid. Pro� les of the dimensionless strain
rate invariant s in the cross section x = 46 mm.

Fig. 12 7 £ £ 11 deg. Wilcox model. Streamlines arriving 23 µ m above the bottom plate (y++ » 25) in the cross section x = 112 mm and colored with
the TKE level.

dicted. In the crosssectionsno major differenceappearsbetween the
models,whichcan reproducefairlywell theevolutionof thepressure
on the bottom wall, except at some particular locations (Fig. 8a):
in the � rst cross section the importance of the pressure plateau un-
derneath the incipient vortices (the EF) is slightly underestimated
by the simulations; at the last cross section, the pressure is notably
overestimated at the locations shown to be under the 7-deg � n side
secondary separation line S3 (z 10 mm) and under the 11-deg
� n side primary attachment line R2 (z 10 mm) in Fig. 5. None
of the correction is able to improve the solution at these locations.

The � rst peak of the heat-transfer coef� cient along the TML
(Fig. 7) is lowered by only 2 and 6% when using respectively the
Moore and Moore (WM) and Durbin (WD) realizability factors in
the de� nition of l t . The decrease goes to 6 and 20% when sup-
pressing the indirect effect of the realizability factor on the speci� c
dissipation production rate (WM and WD , respectively). This
decrease corresponds to a global trend as shown in the cross sec-
tions (Fig. 8b) but is obviously not suf� cient to � ll the gap between
the computations and the measurements. Even though lowered by
about 20% with the WD model, the heat transfer underneath the
main vortices (EF) is still high above the sparse experimental data
available off the TML. In Figs. 7 and 8, the WM and WD solu-
tions are not distinguishedbecause they are actually comparable to
each other. This indicates that the same global effect is achieved by
either lowering the realizability factor (going from WM to WD) or
by suppressing its indirect effect on the speci� c dissipationproduc-
tion rate (when going from WM to WM ). The global sketch of
the skin-friction lines is essentially unmodi� ed by the realizability
corrections. A close comparison of the WI (Fig. 5) and WM (not
displayed) � ne-grid solutionsonly shows that the secondary attach-
ment line R3 going between the two secondary separation lines
S3 and S4 (and corresponding to the attachment of the CV) is
signi� cantly sharpened with the realizability correction.

Additional Information from the 15 £ £ 15 deg Con� guration
In the 15 15 deg con� guration the WI and WM � ne-grid and

the WM very-� ne-grid solutions are computed and compared in
Fig. 9. The WM solutions on both grids exhibit insigni� cant dif-
ferences along the TML up to x 150 mm. This con� rms that the
� ne-grid solution is representative of the mesh-converged solution
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as already claimed. Differences up to 5–7% still persist in the peak
value of the heat-transfer coef� cient along the primary attachment
line (not displayed) between the � ne-grid and the very-� ne-grid
WM solutions, which shows that this con� guration demands re-
ally large ressources to be accurately computed (four million cells
in half the con� guration).

The realizability correction induces signi� cant changes in the
pressure distribution (Fig. 9). The maximum of pressure along the
TML, occuring at the beginning of the in� uence of the expansion
waves coming from the inner corner of the � ns, is closer to the
experimental data with the Moore and Moore correction. The pres-
sure distributionalong the � rst two cross sections, especiallyunder-
neath EF, is globally improved by the realizability correction (not
displayed). However, the gentler pressure slope at the level of the
recirculation zone (x 50 65 mm on the TML) is not well repro-
duced by any computation.Downstream of the pressure maximum,
the pressure is worsened by the Moore and Moore correction.

The evolution of the Stanton number along the TML (Fig. 9) is
closely related to the topology of the � ow in the central separa-
tion region, which needs to be described in some more details (see
Ref. 28 for a comprehensive description). First, the convergence
lines S1 and S2 (Figs. 10a and 10b) form the symmetrical foot-
print of the incoming boundary-layerseparation. In the experiment
(Fig. 10b) a � uidic throat does exist between S1 and S2 (as in weaker
interactions; see Fig. 5), and a central separation region is formed
behind the saddle point C1 (at x 50 51 mm), bounded by the
separation lines S5, S6 (Fig. 10d). This region is occupied by the
CV. The Stanton number rises gently along the TML up to the node
point N1 (x 68 69 mm). At this point the CV begins to reattach
along the line R5 (Fig. 10d). The measured heat-transfercoef� cient
� rst remains constant and then increases up to x 100 mm where
it reaches its maximum. It corresponds to the location where the
central separation region begins to narrow under the in� uence of
the expansion waves (Figs. 10b and 10d).

In the computations the topology in the central region is quite
different, yielding signi� cant differences in the secondary fea-
tures, like the Stanton number. The primary separation lines S1

and S2 intersect at the point C1 , which is a node (and not a saddle
point) at x 47 48 mm (Figs. 10a and 10c). The separation lines
S5 , S6 , which bound the central separation region, appear much
closer to the TML than in the experiments. The Stanton num-
ber drops by a factor of two between C1 and N1 , located at
x 66 67 mm. Afterward, theStantonnumbergoeson increasing,
reachinga � rst maximum around x 85 mm and a second one, even
higher,around x 105 mm (Fig. 9). These locationscorrespond,re-
spectively, to the regions where the central separation region is the
widest and the narrowest in the computations (Figs. 10a and 10c).
Between both, in the region where the CV develops, the WI solu-
tion exhibits a plateau. In the WM solution the plateau becomes a
signi� cant drop essentially because the central separation region is
wider (Fig. 10c), which allows the vorticityof the CV to spreadover
a larger area. The realizabilitycorrectiondoes not modify the com-
puted topology so that the features of the Stanton number remain
the same. Nevertheless, the levels are signi� cantly modi� ed, essen-
tially because of the lower turbulence levels in the WM solution,
which allow a sooner appearance (i.e., farther from the TML) of
the separation lines S5, S6 than in the WI solution, yielding a wider
central separation region and a lower Stanton number between the
maxima.

Failure of Usual Corrections for High-Speed Flows
Corrections Based on the Strain Rate/ Vorticity Invariants

In the preceding section representative realizability corrections
have been assessed. One of them has been shown to improve sig-
ni� cantly the prediction of the heat transfer, but not suf� ciently. It
could be argued that by strengthening the realizability factor even
better results could be achieved. To determine whether further im-
provement is possible with a correction based on the strain rate or
vorticity invariant (s or $), Fig. 11 is drawn. It represents the pro-
� les of s cl at different stations along the cross section x 46 mm
of the 11-deg � n side of the 7 11 deg con� guration.This quantity
is supposed to be one in the logarithmic layer of an incompress-

ible boundary layer. The transverse reduced location zr , indicated
in Fig. 11 for each station, is zero at the � n and one at the location
of the inviscid shock generated by the 11-deg � n. The stations are
chosen to cover the entire region underneath the EF, where the heat
transfer is maximum on the bottom plate. Figure 11 demonstrates
that the asymptotic limit of s is respected in a large part of the loga-
rithmic layer and that it is exceeded in the upper part becauseof the
interactionwith the shock wave (mainly its rear leg, close to the � n).
The largest values of s at x 46 mm remain below the realizability
limit at x 46 mm and do not exceed 10 in the whole 7 11 deg
con� guration. These values are at least one order of magnitude less
than in the stagnation-pointcases for which the realizabilitycorrec-
tions have been shown to be highly bene� cial.32,33 It indicates that
the large TKE levels in SWBLI computed � ows are not linked to
very large values of s although it is in the stagnation-point cases.
Here, the variations of s are surely not suf� cient to expect a signif-
icant improvement using only a strenghtened correction based on
this parameter.

To support and to extend this statement, Fig. 12 is drawn. It is
relative to the � ne-grid solution obtained in the 7 11 deg con-
� guration with the Wilcox’s model. In this graph the streamlines
arriving at the height of 23 l m (y 25) above the bottom plate
at the cross section x 112 mm are displayed and colored with the
TKE level. It appears that, in the cross section x 112 mm, the level
of energy is quite high. As already described, the Stanton number
and TKE high levels are intimately related to each other. The plot
con� rms that the highest levels of Ch are associatedwith the highest
levels of TKE visible in the � ow near the bottom plate. As already
mentioned, one hypothesis is that two-equation turbulence models
predict a too large increase in TKE in the outer part of the boundary
layer across the shock waves and that this excessive TKE is con-
vected down to the wall by the strong vortices formed behind the
shocks.Figure 12 shows that the increasein TKE along the observed
streamlines occurs rather when the EF approaches the bottom wall
than when the streamlines cross the primary shock wave, near the
� n leading edge. The corrections based on s or $ are active in the
latter regions, but not in the former.

Turbulent Length-Scale Limit
In hypersonic � ows Coakley and Huang37 propose to limit the

turbulent length scale ` to its value in the logarithmic part of an
incompressibleboundary layer:

l t q cl k
1
2 ` with ` min l̀og , k

1
2 x

l̀og j c
3
4
l d (13)

where d is the distance to the wall and j is the von Kármán con-
stant ( j / c3/ 4

l 2.5); then the value of the dissipation term in the
TKE transport equation is recomputed according to x k1/2 / .̀ To
determine whether this correction could help in the SWBLI cases
considered here, the ratio of the computed turbulent length scale
` a m k1/ 2 x to the logarithmicexpression l̀og is examined in the so-
lutions obtainedwith the differentmodels. Figure 13 shows that this
limit is violated indeed in the WI solution, but only slightly and in
the upper part of the logarithmic layer. The realizabilitycorrections
tend to reduce the region where this limit is violated; in particular,
the WD model gives a solution where the turbulent length-scale
limit is respected almost everywhere. Again, nearly the same effect
is obtained by lowering the realizability factor (from WM to WD)
or by avoiding the reduction of the speci� c dissipation production
rate (from WM to WM ). It can be concluded that the turbulent
length-scale limit would not be of great help in this case and that a
similar effect may be achieved in a more natural way by applying a
realizability correction.

Compressibility Corrections
The primary manifestation of compressible turbulence is the ap-

peareance of the dilatation dissipation in the TKE and dissipa-
tion equations. This occurs at high turbulent Mach numbers Mt

(2k)/ a, where a is the local speed of sound. The most popular
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Fig. 13 7 £ £ 11 deg. Medium grid. Pro� les of the ratio of the turbulent
length scale ` = ®º k1/2 /! to its value in the logarithmic layer (2:5y) in
the cross section x = 46 mm.

corrections have been primarily derived for compressible mixing
layers by Sarkar et al.38 and Zeman.39 However, they have been
shown to lead to undesirably lowered skin-friction coef� cients in
turbulent boundary layers.26,37,40 In the wall regions the so-called
compressibility corrections should not be active at least when the
turbulentMach number is under the threshold Mto 0.25 (Ref. 26).
The maximum turbulentMach number in the WI solution is 0.3. For
this value the increase of the dissipation term is only 4% according
to the Wilcox’s compressibility correction.26 The WM , WD, and
WD solutions give values of Mt below the compressible threshold
all over the computationaldomain. It can be concludedthat this kind
of correction would be of no help in the considered cases.

Conclusions
Weak and strong, symmetricaland asymmetricalcrossing-shock-

wave/boundary-layer interactions have been analyzed on the basis
of both experimentsand computations.The computationswere car-
ried out on meshesup to four million cells, by solving the Reynolds-
averagedNavier–Stokes equationswith Wilcox’s k– x model.Mesh-
convergedsolutionsare achievedin each case. It is demonstratedthat
inadequately re� ned grids can yield deceptively close agreement
with experimental heat transfer, thereby emphasizing the need for
a detailed grid-re� nement study in each con� guration. The re� ned
analysisof the structure of the � ow shows that the overpredictionof
heat transfer is clearly linked to the attachment to the bottom wall
of the vortices forming downstream of the primary shock waves.
It is demonstrated that the stronger the interaction, the more the
numerical solutions violate the realizability principles, essentially
in the upper part of the bottom-plate boundary layer and accross
the shock waves. By introducing a dependence of cl on the veloc-
ity gradients, realizable solutions are obtained. The heat-transfer
coef� cients are effectively lowered, as much as by 20% with the
Durbin32 correction, which is nevertheless insuf� cient to meet the
experimental data. No further improvement can be expected either
fromcorrectionsbasedon the strain rate invariant,or from the turbu-
lent length-scale limit for hypersonic � ows,37 or yet from any usual
compressibility correction.26,38,39 The streamlines arriving near the
wall in the regions of overpredicted heat-transfer coef� cients are
shown to originate from the very narrow regions close to the � n
leading edges, in the upper part of the incoming boundary layer,
and to be associated with an increase of turbulent kinetic energy
when approaching the bottom wall, rather than when crossing the
shock waves. This problem, speci� c to the interaction of a swept
shockwavewith a fullydevelopedturbulentboundarylayer,needsto
receive special attention from the turbulencemodeling community.
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